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1. Introduction
This paper deals with a Wiener–Tauberian theorem on the Laguerre hypergroup (K,∗α ) [2,6,10,12–14,18] where K =
[0,+∞[ × R and ∗α is the convolution product on this hypergroup deﬁned for two bounded Radon measures μ and ν on
K by μ ∗α ν( f ) =
∫
K×K T
(α)
(x,t) f (y, s)dμ(x, t)dν(y, s), where α is a ﬁxed nonnegative real number and {T (α)(x,t)}(x,t)∈K are the
translation operators on the Laguerre hypergroup, given by T (α)(x,t) f (y, s) = απ
∫ 1
0
∫ 2π
0 f (((x, t), (y, s))θ,r)r(1− r2)α−1 dθ dr, for
α > 0, and T (0)(x,t) f (y, s) = 12π
∫ 2π
0 f (((x, t), (y, s))θ,1)dθ, where ((x, t), (y, s))θ,r = ((x2 + y2 + 2xyr cos θ)
1
2 , t + s + xyr sin θ).
One can easily remark that in particular we have 〈δ(x,t) ∗α δ(y,s), f 〉 = T (α)(x,t) f (y, s), where δ(x,t) and δ(y,s) are the Dirac
measures on K respectively at (x, t) and (y, s).
The involution and the Haar measure (normalized to have total measure equal to one) on the hypergroup (K,∗α ) are re-
spectively given by the homeomorphism (x, t) → (x, t)− = (x,−t) and the Radon positive measure dmα(x, t) = x2α+1πΓ (α+1) dxdt.
The unity element of (K,∗α) is given by e = (0,0), that is δ(x,t) ∗α δ(0,0) = δ(0,0) ∗α δ(x,t) = δ(x,t) for all (x, t) ∈ K.
The convolution product of two functions g, f ∈ L1α(K) (the Lebesgue space of integrable functions on K with respect to
the Haar measure dmα ) is the function g ∗α f given by
g ∗α f (x, t) =
∫
K×K
f (y, s)T (α)(x,t)g(y,−s)dmα(y, s). (1)
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convolution product is a Banach commutative algebra and moreover we have
gdmα ∗α f dmα = (g ∗α f )dmα and ‖g ∗α f ‖L1α(K)  ‖g‖L1α(K)‖ f ‖L1α(K),
for all g, f ∈ L1α(K) where ‖.‖L1α(K) denotes the usual norm on L1α(K) given by ‖ f ‖L1α(K) =
∫
K
| f |dmα.
The Wiener–Tauberian theorem that we establish here states that an ideal I of the algebra L1α(K) is dense if and only if
for all χ ∈ K̂ there exists f ∈ I such that F( f )(χ) 	= 0, where K̂ and F are respectively the dual (i.e. the set of continuous
characters) and the Fourier transform on the Laguerre hypergroup.
Note that more details on the dual K̂ and the Fourier transform F on the Laguerre hypergroup (K,∗α) are given in the
second section below.
In a similar way as in [1] and [8] we use the Wiener–Tauberian theorem to study here a Pompeiu-type problem
which consists in proving that being given a family R of compactly supported Radon measures on K then a necessary
and suﬃcient condition so that f ≡ 0 is the unique function in the space Cb(K) of continuous and bounded complex-
valued functions on K satisfying
∫
K
T (α)(y,−s) f (.)dμ ≡ 0, for all μ ∈ R, is that for all χ ∈ K̂ there exists μ ∈ R such that
F(μ)(χ) 	= 0. We also show that this condition is suﬃcient so that f ≡ 0 is the unique function in the space Lpα(K) (where
p  1) of pth-integrable functions on K with respect to the Haar measure dmα, satisfying
∫
K
T (α)(y,−s) f (.)dμ ≡ 0 for all
μ ∈ R. Note that for a survey on the Pompeiu problem one can see for example [1,3–5,7,8,20].
As application of the Pompeiu theorem on the Laguerre hypergroup we consider in this work the three following systems
T (α)(ri,0) f (.) ≡ 0; i = 1,2, (2)
ri∫
0
T (α)(y,o) f (.)y
2α+1 dy ≡ 0; i = 1,2, (3)
∫
[0,ri ]×[−r2i ,r2i ]
T (α)(y,−s) f (.)dmα(y, s) ≡ 0; i = 1,2, (4)
where r1, r2 are two given positive and different numbers. We show that there is no nonnull continuous and bounded
solution f : K → C of the system (2) (resp. (3), resp. (4)) if and only if
r1
r2
/∈ Q ( jα) and
(
r1
r2
)2
/∈
⋃
m∈N
Q
(
L(α)m
)
, (5)
(
resp.
r1
r2
/∈ Q ( jα+1) and
(
r1
r2
)2
/∈
⋃
m∈N
Q
( x∫
0
L(α)m (t)tα dt
))
, (6)
(
resp.
r1
r2
/∈ Q ( jα+1) and
(
r1
r2
)2
/∈
⋃
m∈N
Q
(
sin x
x
x∫
0
L(α)m (t)tα dt
))
, (7)
where Q (h) = { st ; s, t > 0 and h(s) = h(t) = 0} for h : R → C.
It is also shown that the condition (5) (resp. (6), resp. (7)) is suﬃcient so that there is no nonnull function f ∈ Lpα(K);
(p  1) satisfying the system (2) (resp. (3), resp. (4)).
Moreover we prove in this paper that for each r > 0 there is at least a nonnull continuous and bounded solution
f : K → C of the equation T (α)(r,0) f (.) ≡ 0, (resp.
∫ r
0 T
(α)
(y,o) f (.)y
2α+1 dy ≡ 0; resp. ∫[0,r]×[−r2,r2] T (α)(y,−s) f (.)dmα(y, s) ≡ 0).
This paper is organized as follows.
In the second section we characterize the dual K̂ of the Laguerre hypergroup and we recall some preliminary results
that we need for the sequel concerning the Fourier transform on this hypergroup.
The third section is devoted to the proof of The Wiener–Tauberian theorem.
In the last section we establish the so called Pompeiu-type theorem on the Laguerre hypergroup and we study some of
its applications.
2. Dual and Fourier transform on the Laguerre hypergroup
2.1. The Laguerre hypergroup dual
For all (λ,m) ∈ R × N and ρ > 0 we denote by ϕλ,m and ϕρ the functions given by
ϕλ,m(x, t) = e−iλtL(α)m
(|λ|x2) and ϕρ(x, t) = jα(ρx); (x, t) ∈ K, (8)
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x2
2 L(α)m (x), Jα being the Bessel function of ﬁrst kind and order α [19] and
L(α)m being the Laguerre polynomial of degree m and order α [11,17].
By K. Stempak [16, p. 250] the functions ϕλ,m and ϕρ are multiplicative in the sense that for all (x, t), (y, s) ∈ K one has
T (α)(x,t)ϕλ,m(y, s) = ϕλ,m(x, t)ϕλ,m(y, s) and T (α)(x,t)ϕρ(y, s) = ϕρ(x, t)ϕρ(y, s).
Proposition 2.1. K̂ = {ϕλ,m; (λ,m) ∈ R∗ × N} ∪ {ϕρ; ρ  0}.
Proof. We recall (see [6, p. 46]) that K̂ is consisting of the bounded continuous and multiplicative functions χ : K → C such
that χ˜ = χ where χ˜ (x, t) = χ(x,−t); (x, t) ∈ K. It is obvious that the set {ϕλ,m; (λ,m) ∈ R∗ ×N}∪{ϕρ ; ρ  0} is contained
in K̂. On the other hand, by [6, p. 78] the set K̂ can be identiﬁed with the set Δ˜(L1α(K)) via the bijection K̂ → Δ˜(L1α(K));
χ → Fχ , where Fχ : L1α(K) → C; Fχ ( f ) =
∫
K
f χ dmα, Δ˜(L1α(K)) being the subspace of the structure space Δ(L1α(K)) of the
commutative algebra L1α(K) consisting of all the nontrivial algebra homomorphisms F : L1α(K) → C such that F ( f˜ ) = F ( f )
for all f ∈ L1α(K). By using Proposition 6.1 in [16, p. 252] we obtain the result. 
Remark 2.1. Note that the Laguerre hypergroup (K ,∗α) is commutative and that its dual K̂ given the topology of uni-
form convergence on compact subsets of K is a locally compact Hausdorff space by virtue of Theorems 2.2.4 and 2.2.8 in
[6, pp. 80–82]. Moreover by [6, p. 47] we have sup{|χ(x, t)|; (x, t) ∈ K} = 1, for all χ ∈ K̂.
2.2. The Fourier transform on the Laguerre hypergroup
Let us recall ﬁrst that the Fourier transform of a bounded Radon measure μ on the Laguerre hypergroup is by [6, p. 80]
the function denoted here F(μ) and deﬁned on the dual K̂ by F(μ)(χ) = ∫
K
χ dμ, and that the Fourier transform F( f )
of a function f ∈ L1α(K) is given by
F( f )(χ) = F( f dmα)(χ) =
∫
K
χ f dmα = Fχ ( f ), for all χ ∈ K̂. (9)
Note that F( f˜ )(χ) = F( f )(χ), for all χ ∈ K̂.
In the sequel, for all (λ,m) ∈ R∗ × N and ρ  0, we will use the following notations F1(μ)(λ,m) = F(μ)(ϕλ,m) and
F2(μ)(ρ) = F(μ)(ϕρ), for all bounded Radon measure μ on the Laguerre hypergroup K, and similarly F1( f )(λ,m) =
F( f )(ϕλ,m) and F2( f )(ρ) = F( f )(ϕρ) for each function f ∈ L1α(K).
Now we will summarize the most important results that we need for the sequel concerning the Fourier Laguerre trans-
form. For this purpose we introduce ﬁrst the following notations.
• Mb(K) (resp. Mc(K)) the space of bounded (resp. compactly supported) Radon measures on K.
• Cc(K) (resp. Cb(K); resp. C0(K) ) the space of compactly supported (resp. bounded; resp. vanishing at inﬁnity) complex-
valued continuous functions on K.
• Cc(K̂) (resp. Cb(K̂); resp. C0(K̂) the space of compactly supported (resp. bounded; resp. vanishing at inﬁnity) complex-
valued continuous functions on K̂.
• D(K) the subspace of Cc(K) consisting of inﬁnitely differentiable and compactly supported complex-valued functions
on K.
• S(K) the Schwartz space on K consisting of inﬁnitely differentiable complex-valued functions on K which are rapidly
decreasing together with all their derivatives that is for all k, p,q ∈ N one has sup(x,t)∈R2 (1 + x2 + t2)k| ∂
p+q
∂xp∂tq f (x, t)| <+∞.
• S(R × N) is the space of functions Φ : R × N → C such that
– For all m, p,q, r, s ∈ N the function λ → λp(|λ|(m + α+12 ))qΛr1(Λ2 + ∂∂λ )s g(λ,m) is bounded and continuous on R,
inﬁnitely differentiable on R∗ and admits a left and a right derivatives at zero.
– For all k, p,q ∈ N one has sup(λ,m)∈R∗×N (1+ λ2(1+m2))k|Λp1 (Λ2 + ∂∂λ )q g(λ,m)| < +∞,
where Δ+,Δ− and Λ1,Λ2 are the operators deﬁned on the space of functions Φ : R × N → C by
Δ+g(λ,m) = g(λ,m + 1) − g(λ,m),
Δ−g(λ,m) =
{
g(λ,m) − g(λ,m − 1), if m 1,
g(λ,0), if m = 0,
Λ1g(λ,m) = 1|λ|
(
mΔ+Δ−g(λ,m) + (α + 1)Δ+g(λ,m)
)
,
Λ2g(λ,m) = 1|λ|
(
(α +m + 1)Δ+g(λ,m) +mΔ−g(λ,m)
)
.
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functions f : K → C (resp. Φ : R × N → C) such that ‖ f ‖Lpα(K) < ∞ (resp. ‖Φ‖Lpα(R×N) < ∞) where
‖ f ‖Lpα(K) =
{ [∫
K
| f (x, t)|p dmα(x, t)]1/p, if p ∈ [1,+∞[,
ess sup(x,t)∈K | f (x, t)|, if p = +∞,
and
‖Φ‖Lpα(R×N) =
{
(
∫
R×N |Φ(λ,m)|p dγα(λ,m))1/p, if p ∈ [1,+∞[,
ess sup(λ,m)∈R×N |Φ(λ,m)|, if p = +∞.
Proposition 2.2. (See [6, p. 80], [16, p. 250], [14, p. 344].)
(1) Letμ ∈ Mb(K) (resp. f ∈ L1α(K)) then F(μ) ∈ Cb(K̂) (resp. F( f ) ∈ Co(K̂)) and ‖F(μ)‖∞  ‖μ‖(resp.‖F( f )‖∞  ‖ f ‖L1α(K)),
where ‖.‖ is the usual norm on Mb(K) given by ‖μ‖ = |μ|(K), ‖.‖∞ being the norm of uniform convergence on K̂.
(2) For any μ,ν ∈ Mb(K) (resp. f , g ∈ L1α(K)) we have
F(μ ∗α ν) = F(μ)F(ν)
(
resp. F( f ∗α g) = F( f )F(g)
)
. (10)
(3) Let f ∈ L1α(K) then for each (x, t) ∈ K, T (α)(x,t) f ∈ L1α(K) and we have the relation
F(T (α)(x,t) f )(χ) = χ(x, t)F( f )(χ), for all χ ∈ K̂. (11)
Remark 2.2. The properties (1) and (2) of the above proposition show in particular that the Fourier Laguerre transform F
is a continuous homomorphism of Banach algebras from (Mb(K),‖.‖) into (Cb(K̂),‖.‖∞) (resp. from (L1α(K),‖.‖L1α(K))
into (C0(K̂),‖.‖∞)).
Theorem 2.1 (Plancherel theorem). (See [14, pp. 349–350].)
(1) The Fourier Laguerre transform F1 is a topological isomorphism from S(K) onto S(R × N). Its inverse is the operator F−11 given
by F−11 (Φ)(x, t) =
∫
R×N Φ(λ,m)ϕλ,m(x, t)dγα(λ,m), where γα is the positive measure on R × N deﬁned by
∫
R×N Ψ dγα =∑
m0 L
(α)
m (0)
∫
R
Ψ (λ,m)|λ|α+1 dλ, dλ being the Lebesgue measure on R.
(2) Every function f ∈ L1α(K) ∩ L2α(K) satisﬁes the following Plancherel formula∫
K
| f |2 dmα =
∫
R×N
∣∣F1( f )∣∣2 dγα. (12)
(3) The transformation F1 extends to a unique isometric isomorphism from L2α(K) onto L2α(R × N) denoted further F1. In par-
ticular for all f , g ∈ L2α(K) we have the Parseval formula∫
K
f g dmα =
∫
R×N
F1( f )F1(g)dγα. (13)
Remark 2.3. By [6, pp. 84–91] we deduce from the latter theorem that the Plancherel measure γ˜α on the dual K̂ of the
Laguerre hypergroup (K,∗α) is given by
∫
K̂
Ψ dγ˜α =
∫
R×N Ψ (ϕλ,m)dγα(λ,m). This shows particularly that γ˜α is supported
on the set {ϕλ,m; (λ,m) ∈ R∗ × N} and by [6, pp. 84–91] and [14, p. 350] we have the following theorem.
Theorem 2.2.
(1) For all f ∈ L1α(K) such that F( f ) ∈ L1( K̂,dγα) we have the inversion formula
f (x, t) =
∫
K̂
F( f )(χ)χ(x, t)dγ˜α(χ) =
∫
R×N
F1( f )(λ,m)ϕλ,m(x, t)dγα(λ,m), (14)
almost everywhere on K (everywhere if f is furthermore continuous).
(2) The Laguerre Fourier transform F : L1α(K) → C0(K̂) (resp. Mb(K) → Cb(K̂)) is one to one. More precisely, given f , g ∈ L1α(K)
(resp. μ,ν ∈ Mb(K)) then f = g almost everywhere on K (resp. μ = ν) if and only if F( f ) = F(g) (resp. F(μ) = F(ν)).
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Proposition 3.1. Let N : K → R+; N(x, t) =
√
x2 + 2|t| then
N(x+ x′, t + t′) N(x, t) + N(x′, t′), for all (x, t), (x′, t′) ∈ K, (15)
N( f ∗α g)
(
5+ 3√2 )(N( f ) + N(g)), for all f , g ∈ Cc(K), (16)
where N(h) = sup(x,t)∈Supp(h) N(x, t), Supp(h) being the support of h; h ∈ Cc(K).
Proof. The relation (15) follows from the obvious inequality xx′  N(x, t)N(x′, t′). Let now f , g ∈ Cc(K) and (x, t) ∈ K
such that ( f ∗α g)(x, t) 	= 0 then clearly there exists (y, s) ∈ K such that f (y, s) 	= 0 and T (α)(x,t)g(y, s) 	= 0. It follows
from the expression of T (α)(x,t)g(y, s) that there exists (r, θ) ∈ [0,1] × [0,2π ] such that g(u, v) 	= 0 where u = u(r, θ) =√
x2 + y2 + 2xyr cos θ and v = v(r, θ) = s+ t + xyr sin θ. On the other hand one has N(x, t) = N(x− y + y, v − s− xyr sin θ),
for all (x, t) ∈ R2. Thanks to the relation (15) we get N(x, t)  N(x − y, v) + N(y, s) + N(0, xyr sin θ). But readily we
have N(0, xyr sin θ) 
√
2xy  2
√
N(x,t)N(y,s)√
2
 N(x,t)+N(y,s)√
2
, and N(x − y, v)  √u2 + 2|v| = N(u, v). It follows N(x, t) 
N(u, v) + N(y, s) + N(x,t)+N(y,s)√
2
, or equivalently N(x, t)  (2 + √2)N(u, v) + (3 + 2√2)N(y, s). Since f (y, s) 	= 0 and
g(u, v) 	= 0 we obtain N(x, t) (5+ 3√2)(N( f ) + N(g)), which ﬁnishes the proof. 
Remark 3.1.
(1) The relation (16) is equivalent to the following
Supp( f ∗α g) ⊂
{
(x, t) ∈ R2; N(x, t) (5+ 3√2 )(N( f ) + N(g))}. (17)
(2) By induction one can easily see that N( f ∗αk) k.(5+ 3√2)N( f ), and
K ∩ Supp( f ∗αk)⊂ {(x, t) ∈ K; N(x, t) (5+ 3√2 )kN( f )},
for all f ∈ Cc(K) and k ∈ N, where f ∗αk = f ∗α · · · ∗α f (k times) for k 1 and f ∗α0 = f .
Terminology. Let u : R → C; u(t) = eit − 1 =∑k=1 iktkk! . We put u( f ) = eif − 1 =∑k1 ik f ∗αkk! ; f ∈ L1α(K).
Proposition 3.2. For each f ∈ L1α(K) the series
∑
k1
ik f ∗αk
k! converge absolutely in the Banach space (L
1
α(K),‖.‖L1α(K)) and conse-
quently u( f ) ∈ L1α(K).
Proof. Let f ∈ L1α(K), then by induction we get ‖ f ∗αk‖L1α(K)  ‖ f ‖kL1α(K), for all k ∈ N
∗, so that
∑
k1 ‖ i
k f ∗αk
k! ‖L1α(K) ∑
k1
‖ f ‖k
L1α(K)
k! = e
‖ f ‖
L1α(K) < +∞, and the result is proved. 
Lemma 3.1. Let g ∈ L1α(R × N) such that F1(g) ∈ L2α(R × N) then g ∈ L2α(K).
Proof. By using Fubini’s theorem a straightforward calculation gives∫
K
g(x, t)F−11 (Φ)(x,−t)dmα(x, t) =
∫
R×N
F1(g)Φ dγα, for all Φ ∈ S(R × N).
Now from Plancherel theorem there exists g˜ ∈ L2α(K) such that F1(g) = F1(g˜) since F1(g) ∈ L2α(R × N). Moreover by
Parseval formula (13) together with the obvious relation Φ = F( ˜F−11 (Φ)) we have∫
K
g˜(x, t)F−11 (Φ)(x,−t)dmα(x, t) =
∫
R×N
F1(g˜)Φ dγα, for all Φ ∈ S(R × N).
By using again Plancherel Theorem 2.1 which asserts that the transform F1 is a bijection from S(K) onto S(R × N) we
deduce
∫
K
(g˜− g)ϕ dmα = 0, for all ϕ ∈ S(K). This shows that g = g˜ almost everywhere on K which achieves the proof. 
Proposition 3.3. Let f ∈ L1α(K) ∩ L2α(K) such that f˜ = f then ‖u( f )‖ 2  ‖ f ‖ 2 .Lα(K) Lα(K)
M.M. Nessibi, B. Selmi / J. Math. Anal. Appl. 351 (2009) 232–243 237Proof. Thanks to the continuity of the Laguerre Fourier transform on L1α(K) (see Remark 2.2) together with the absolutely
convergence of the series
∑
k1
ik f ∗αk
k! in L
1
α(K) (see Proposition 3.2) we obtain F(u( f )) =
∑
k1
(iF( f ))k
k! = eiF( f ) − 1.
Since f = f˜ and F( f˜ ) = F( f ), we deduce that for all χ ∈ K̂, F( f )(χ) ∈ R and consequently |F(u( f ))(χ)|  |F( f )(χ)|,
so that ‖F1(u( f ))‖L2α(R×N)  ‖F( f )‖L2α(R×N). By using the fact that the transform F1 is isometric from L2α(K) onto
L2α(R × N) (Plancherel Theorem 2.1), we obtain ‖F1(u( f ))‖L2α(R×N)  ‖ f ‖L2α(K) < +∞. Thanks to the preceding Lemma 3.1
this shows that u( f ) ∈ L2α(K) and thus by using again the Plancherel Theorem 2.1 we obtain ‖u( f )‖L2α(K) =‖F1u( f )‖L2α(R×N)  ‖ f ‖L2α(K), which gives the result. 
Proposition 3.4. Let f ∈ Cc(K); f = f˜ . Then there is c > 0 such that ‖u(ν f )‖L1α(K)  c(1+ |ν|)2α+5, for all ν ∈ R.
Proof. For each k ∈ N∗ we put Qk = {(x, t) ∈ K/N(x, t) (5+ 3
√
2)kN( f )}. The sequence (Qk)k is clearly increasing that is
Qk ⊂ Qk+1 for all k ∈ N∗. Moreover by virtue of Remark 3.1 we have K ∩ Supp f ∗αk ⊂ Qk , for all k ∈ N∗. It follows easily
that for every p ∈ N∗ and ν ∈ R one has
∀(x, t) ∈ K \ Q p, u(ν f )(x, t) =
∑
kp+1
ikνk
k! f
∗αk(x, t).
By using the fact that for all k ∈ N∗ we have ‖ f ∗αk‖L1α(K)  ‖ f ‖kL1α(K), we deduce that∫
K\Q p
∣∣u(ν f )(x, t)∣∣dmα(x, t) ∑
kp+1
|ν|k
k! ‖ f ‖
k
L1α(K)

‖ν f ‖p+1
L1α(K)
(p + 1)! exp
(‖ν f ‖L1α(K)), for all p ∈ N∗ and ν ∈ R.
On the other hand for p = [ν2] we have |ν|√p + 1 so that
‖ν f ‖p+1
L1α(K)
(p + 1)! exp
(‖ν f ‖L1α(K)) ‖ f ‖p+1L1α(K) (p + 1)
p+1
2
(p + 1)! exp
(√
p + 1‖ f ‖L1α(K)
)
.
Now by using the well known Stirling formula limp→∞
√
2π(p+1)p+
1
2
(p+1)!ep+1 = 1 one can easily see that there exists c1  0 such
that ‖ f ‖p+1
L1α(K)
(p+1) p+12
(p+1)! exp(
√
p + 1‖ f ‖L1α(K))  c1, for all p ∈ N. It follows that for each ν ∈ R and p = [ν2] we have∫
K\Q p |u(ν f )(x, t)|dmα(x, t) c1, and thus∫
K
∣∣u(ν f )(x, t)∣∣dmα(x, t) c1 + ∫
Q p
∣∣u(ν f )(x, t)∣∣dmα(x, t) c1 + ∥∥u(ν f )∥∥L2α(K)(mα(Q p))1/2.
On the other hand by the variables changing (x = py, t = p2s) one easily obtains
mα(Q p) = p2α+4mα
({
(y, s) ∈ K; y2 + 2|s| ((5+ 3√2 )N( f ))2}).
This implies ‖u(ν f )‖L1α(K)  c1 + |ν|2α+4
√
c2‖u(ν f )‖L2α(K) , for all ν ∈ R, where
c2 = p2α+4mα
({
(y, s) ∈ K; y2 + 2|s| ((5+ 3√2 )N( f ))2}).
By using Proposition 3.3 we deduce ‖u(ν f )‖L1α(K)  (c1 +
√
c2‖ f ‖L2α(K))(1 + |ν|)2α+5, for all ν ∈ R, which ﬁnishes the
proof. 
Theorem 3.1. Let f ∈ Cc(K) and F ∈ D(R), D(R) being the space of inﬁnitely differentiable complex-valued compactly supported
functions on R. Assume furthermore that f = f˜ and F (0) = 0 then there exists a function g ∈ L1α(K) such that F(g) = F (F( f )).
Proof. Let F̂ be the usual Fourier transform of F given by F̂ (ν) = ∫
R
F (t)e−iνt dt; ν ∈ R. Using Proposition 3.4 we obtain∫
R×K |̂F (ν)u(ν f )(x, t)|dν dmα(x, t) c
∫
R
(1+|ν|)2α+5 |̂F (ν)|dν. On the other hand since the usual Fourier transform F → F̂
is an isomorphism from the Schwartz space S(R) onto itself (see Corollary 8.27 in [9, p. 244] and since clearly D(R) ⊂ S(R)
then F̂ ∈ S(R) so that there exists c′ > 0 such that (1+ |ν|)2α+5 |̂F (ν)| c′
(1+|ν|)2 , for all ν ∈ R, and consequently∫ ∣∣̂F (ν)u(ν f )(x, t)∣∣dν dmα(x, t) c.c′ ∫ dν
(1+ |ν|)2 < +∞.R×K R
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∫
R
F̂ (ν)u(ν f )(x, t)dν is well deﬁned almost
everywhere on K and that it belongs to the space L1α(K). A straightforward calculation gives
F(g)(.) = 1
2π
∫
R
F̂ (ν)F(u(ν f ))(.)dν = 1
2π
∫
R
[
F̂ (ν)eiF(ν f )(.) − F̂ (ν)]dν. (18)
Now by using the inversion formula for the usual Fourier transform on R (see [9, p. 243]) we get F (t) = 12π
∫
R
F̂ (ν)eiνt dν ,
for all t ∈ R, and especially 12π
∫
R
F̂ (ν)dν = F (0) = 0, so that F(g)(.) = 12π
∫
R
F̂ (ν)eiνF( f )(.) dν = F (F( f )(.), and the result
is obtained. 
Remark 3.2. If the function F in the last theorem is furthermore identically vanishing in a neighborhood of zero then
F(g) ∈ Cc(K̂). Indeed since F( f ) ∈ CoK̂) then for any ε > 0 there exists a compact Q ε ⊂ K̂ such that |F( f )(ϕ)| < ε for
every ϕ ∈ K̂ \ Q ε . If furthermore F ≡ 0 on [−ε, ε] then F(g)(ϕ) = F (F( f )(ϕ)) = 0, for every ϕ ∈ K̂ \ Q ε .
Corollary 3.1. Let Q be a compact subset of K̂ and χo ∈ K̂ \ Q. There exists g ∈ L1α(K) such that
(1) F(g) ∈ Cc(K̂).
(2) F(g)(χo) = 0.
(3) F(g) ≡ 1 on Q.
Proof. Since K̂ is a locally compact Hausdorff space then there exists Υ ∈ Cc(K̂) such that Υ (χo) = 0 and Υ ≡ 1 on Q by
virtue of Urysohn’s lemma (see [15, p. 38]). Now by [6, p. 80] the set {F(h); h ∈ Cc(K)} is dense in (C0(K̂),‖.‖∞) so that
there exists h0 ∈ Cc(K) such that ‖F(h0) − Υ ‖∞ < 14 and thus |F(h0)(χo)| < 14 and |F(h0)(χ) − 1| < 14 , for all χ ∈ Q. Let
us put f = h0+h˜02 then f ∈ Cc(K), f = f˜ and F( f ) = F(h0)+F(h0)2 so that
• F( f )(χ) ∈ R, for all χ ∈ K̂.
• |F( f )(χo)| < 14 .
• |F( f )(χ) − 1| < 14 , for all χ ∈ Q.
On the other hand according again to Urysohn’s lemma there exists F ∈ D(R) such that F ≡ 0 on [− 14 ,+ 14 ] and F (t) = 1
for 34  |t|  54 . Now by Theorem 3.1 there exists g ∈ L1α(K) such that F(g) = F (F( f )) which implies F(g)(χo) = 0 andF(g) = 1 on Q. Taking account of Remark 3.2 we obtain the result. 
Corollary 3.2. Let I be an ideal of L1α(K) and let Q be a compact subset of K̂ such that Q ∩ Z(F(I)) = ∅, where Z(F(I)) ={χ ∈ K̂; F ( f )(χ) = 0 for any f ∈ I}. Then there exists g ∈ I such that F(g) ≡ 1 on Q.
Proof. Let C(Q) be the commutative algebra consisted of the continuous functions Φ : Q → C, endowed with its
usual norm ‖.‖∞; ‖Φ‖∞ = max{|Φ(χ)| χ ∈ Q}. We consider the algebra homomorphism τ : L1α(K) → C(Q) deﬁned by
τ ( f )(χ) = F( f )(χ); χ ∈ Q, i.e. τ ( f ) = F( f )|Q; f ∈ L1α(K). By Corollary 3.1 there exists fo ∈ L1α(K) such that τ ( fo) ≡ 1
which proves that τ (L1α(K)) is a C(Q) unitary subalgebra. Then to obtain the result it suﬃces to prove that τ (L1α(K)) = τ (I).
Indeed, let us assume τ (I)  τ (L1α(K)) then from [15, p. 344] there exists a nontrivial algebra homomorphism σ :
τ (L1α(K)) → C identically vanishing on τ (I) so that σoτ ( f ) = 0, for all f ∈ I. But σoτ ∈ Δ(L1α(K)). Thus according to
Proposition 6.1 in [16, p. 252] there exists χo ∈ K̂ such that
(σoτ )( f ) = F( f )(χo), for all f ∈ L1α(K). (19)
This implies F( f )(χo) = 0, for all f ∈ I, so that χo /∈ Q because off the hypothesis Q∩Z(F(I)) = ∅. Hence by Corollary 3.1
there exists f1 ∈ L1α(K) such that
τ ( f1) ≡ 1 and F( f1)(χo) = 0. (20)
Combining the relations (20) and (19) we obtain on the one hand (σ ◦ τ )( f1) = F( f1)(χo) = 0, and on the other hand
σ ◦ τ ( f1) = σ(1) = 1, since σ is an algebra homomorphism. This is impossible and the result is proved. 
Lemma 3.2. Let g ∈ L1(dmα) such that
∫
K
g dmα = 1. We consider the sequence (gk)k1 of elements of L1α(K) given by gk(x, t) =
kα+2g(
√
k.x,kt). Then we have limk→∞ ‖ f ∗α gk − f ‖Lpα(K) = 0, for all f ∈ L
p
α(K); p ∈ [1,∞[.
Proof. We denote by (μk)k1 the sequence of bounded Radon measures on K given by μk = gkmα.
To obtain the result it suﬃces by Lemma 1.4.6 in [6, p. 42] to prove that the sequence (μk)k1 converges weakly
to the Dirac measure δ(0,0) in Mb(K) that is for all f ∈ Cb(K) we have limk→∞ μk( f ) = δ(0,0)( f ) or equivalently
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∫
K
f (x, t)gk(x, t)dmα(x, t) = f (0,0). Indeed, thanks to the variables changing (x = y√k , t =
s
k ) we readily have∫
K
f (x, t)gk(x, t)dmα(x, t) =
∫
K
f ( y√
k
, sk )g(y, s)dmα(y, s). Using Lebesgue theorem we obtain
lim
k→∞
∫
K
f (x, t)gk(x, t)dmα(x, t) =
∫
K
f (0,0)g(x, t)dmα(x, t) = f (0,0)
∫
K
g(x, t)dmα(x, t) = f (0,0),
and the lemma is proved. 
Proposition 3.5. The space Λ= { f ∈ L1α(K); F( f ) ∈ Cc(K̂)} is dense in L1α(K).
Proof. . By Corollary 3.1 there exists a function g ∈Λ such that ∫
K
g dmα = 1.
Let (gk)k1 be the sequence in L1α(K) given by gk(x, t) = kα+2g(
√
k.x,kt). By the same variables changing as above one
easily obtains that for all k ∈ N∗ we have
• F1(gk)(λ,m) = F(g)( λk ,m), for all (λ,m) ∈ R × N.
• F2(gk)(ρ) = F(g)( ρ√k ), f orall ρ  0.
This shows in particular that F(gk) ∈ Cc(K̂) for all k ∈ N∗ . Let now f ∈ L1α(K), then by Proposition 2.2 we get F( f ∗α gk) =
F( f )F(gk) ∈ Cc(K̂)}, which implies that f ∗α gk ∈ Λ, for all k ∈ N∗. This gives the result since the sequence ( f ∗α gk)k
converges to f in L1α(K) by virtue of the precedent Lemma 3.2. 
Lemma 3.3. Let P be a polynomial in C[X] and u, v : R2 → C deﬁned by u(x, s) = γ (|s|)P (|s|x2)e−|s| x22 and v(x, t) =∫
R
e−istu(x, s)ds, where γ is a given function in D(R) identically vanishing in a neighborhood of 0. Then v ∈ L1α(K) and
u(x, s) = 12π
∫
R
eist v(x, t)dt, for all (x, s) ∈ R2.
Proof. It is clear that for every x ∈ R the function s → u(x, s) belongs to D(R). The inversion formula for the Euclidean
Fourier transform on R ([15, p. 178], [9, p. 243]) gives u(x, s) = 12π
∫
R
eist v(x, t)dt, for all (x, s) ∈ R2. Integrating by
parts one easily obtains (1 + t2)v(x, t) = ∫
R
e−ist(1 − ∂2
∂s2
)u(x, s)ds. On the other hand a straightforward computation gives
(1 − ∂2
∂s2
)u(x, s) =∑pj=1 γ j(|s|)P j(|s|x2)e−|s| x22 , where P j ∈ C[X] and γ j ∈ D(R) such that γ j ≡ 0 in a neighborhood of 0;
1  j  p. It follows that
∫
K
|v(x, t)|dmα(x, t)  π∑pj=1(∫ +∞0 |γ j(t)|tα+1 dt)(∫ +∞0 P j(z)|e−z/2zα dz) < ∞, which shows that
v ∈ L1α(K) and the result is proved . 
Lemma 3.4. K̂ ∩ Z(F(L1α(K))) = ∅.
Proof. We have to prove that for all (λ,m) ∈ R∗ × N and all ρ  0, there exists gλ,m and gρ in L1α(K) such that
F1(gλ,m)(λ,m) 	= 0 and F2(gρ)(ρ) 	= 0.
Indeed, let (λ,m) ∈ R∗ × N and γλ ∈ D(R) supported in ] |λ|2 ,2|λ|[ and satisfying γλ(|λ|) = 1. We consider the complex-
valued function gλ,m deﬁned on R2 by gλ,m(x, t) =
∫
R
e−istγλ(|s|)L(α)m (|s|x2)ds. From Lemma 3.3 the function gλ,m belongs
to L1α(K) and we have
1
2π
∫
R
eits gλ,m(x, t)dt = γλ(|s|)L(α)m (|s|x2), for every (x, s) ∈ R2. It follows that F1(gλ,m)(λ,m) =
2π
∫ +∞
0 (L
(α)
m (|λt|x2))2x2α+1 dx, and consequently that F1(gλ,m)(λ,m) > 0 since L(α)m is continuous and L(α)m (0) = 1.
Let now ρ  0 and gρ the complex-valued function deﬁned on R2 by gρ(x, t) = e−π(x2+t2). Clearly gρ ∈ L1α(K) and by a
straightforward computation we easily obtain F2(gρ)(ρ) = Γ (α+1)4πα+1 e−
ρ2
4π , which shows that F2(gρ)(ρ) > 0 and the proof is
achieved. 
Theorem 3.2 (Wiener–Tauberian theorem). Let I be a closed L1α(K) ideal. Then I = L1α(K) if and only if K̂ ∩ Z(F(I)) = ∅.
Proof. From Proposition 3.5 it is suﬃcient to prove that Λ⊂ I .
Indeed let f ∈ Λ and Q = SuppF( f ) then according to Corollary 3.2 there exists g ∈ I such that F(g) ≡ 1 on Q and
consequently F( f )(χ) = F( f )(χ).F(g)(χ) = F( f ∗α g)(χ), for all ϕ ∈ K̂. By using the injectivity of the Fourier–Laguerre
transform F on L1α(K) (see Theorem 2.2, p. 235) we deduce that f = f ∗α g and thus f ∈ I since I is an ideal of L1α(K) and
g ∈ I . This achieves the proof. 
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4.1. Pompeiu theorem
As application of the latter Wiener–Tauberian Theorem 3.2 we will establish in this section a Pompeiu-type theorem
(Theorem 4.1) on the Laguerre hypergroup (K,∗α) and will give some of its applications. For this end we need ﬁrst some
preliminary results.
The convolution product of a Radon measure μ on K and a measurable function f : K → C is the function denoted
μ∗α f : K → C given by μ∗α f (x, t) =
∫
K
T (α)(x,t) f (y,−s)dμ(y, s), for all (x, t) ∈ K such that
∫
K
T (α)(x,t)| f (y,−s)|d|μ|(y, s) < ∞
in which case we have |μ ∗α f (x, t)| |μ| ∗α | f |(x, t) < ∞.
Note that for each (z,w), (x, t) ∈ K such that T (α)(x,t)| f |(z,−w) < ∞ we have δ(z,w) ∗α f (x, t) = T (α)(x,t) f (z,−w) and
|T (α)
(x,t) f (z,−w)| T (α)(x,t)| f |(z,−w).
Moreover for μ = g.mα (where g is a complex-valued measurable function on K) we have μ ∗α f = g ∗α f , where
g ∗α f is the function given by the relation (1) for all (x, t) ∈ K such that |g| ∗α | f |(x, t) < ∞ in which case we have
|g ∗α f (x, t)| |g| ∗α | f |(x, t) < ∞.
In the following proposition we sum up the most important properties that we will use in this work about the convolu-
tion and the translation operators. For proofs and more details one can see for example [6, pp. 6–44] and [10].
Proposition 4.1.
(1) If f ∈ Cb(K) (resp. Lpα(K); 1 p ∞) and μ ∈ Mb(K) then μ ∗α f ∈ Cb(K) (resp. Lpα(K); 1 p ∞) and ‖μ ∗α f ‖L∞α (K) ‖μ‖‖ f ‖L∞α (K) (resp. ‖μ ∗α f ‖Lpα(K)  ‖μ‖‖ f ‖Lpα(K)).
(2) For each μ ∈ Mb(K) and f ∈ L1α(K) we have F(μ ∗α g) = F(μ)F(g).
(3) If f ∈ L1α(K) and g ∈ Lpα(K) (where 1  p ∞) then f ∗α g ∈ Lpα(K) and ‖ f ∗α g‖Lpα(K)  ‖ f ‖L1α(K)‖g‖Lpα(K). Moreover for
each μ ∈ Mb(K) we have
μ ∗α ( f ∗α g) = (μ ∗α f ) ∗α g = (μ ∗α g) ∗α f . (21)
Note that for the case f ∈ L1α(K) and g ∈ L∞α (K) the function f ∗α g is furthermore continuous so that f ∗α g ∈ Cb(K).
(4) Let f ∈ Cb(K) (resp. Lpα(K); p ∈ [1,∞]) then T (α)(x,t) f ∈ Cb(K) (resp. Lpα(K)) and we have the following relations
δ(x,t) ∗α f (y, s) = T (α)(x,t) f (y,−s) = T (α)(x,−t) f −(y, s), (22)∥∥T (α)(x,t) f ∥∥Lpα(K)  ‖ f ‖Lpα(K), (23)
T (α)(x,t) f (y, s) = T (α)(y,s) f (x, t), (24)
for every (resp. almost every) (x, t), (y, s) ∈ K, f − being the function deﬁned on K by f −(x, t) = f (x, t)− = f (x,−t).
Note that for the particular case f ∈ Cb(K) we obviously have T (α)(0,0) f = f .
Lemma 4.1. There is no nonnull function f ∈ Lpα(K) (1 p ∞) satisfying h ∗α f = 0, for all h ∈ L1α(K).
Proof. For the case p < ∞ the result follows immediately from the Lemma 3.2. Let now f ∈ L∞α (K) then by Proposition 4.1
the function h∗α f is continuous for all h ∈ L1α(K) so that the equality h∗α f (x, t) = 0 holds everywhere on K and especially
at (0,0) so that h ∗α f (0,0) =
∫
K
f (x, t)h(x,−t)dmα = 0, for all h ∈ L1α(K) which implies by duality (see Theorem 6.15 in
[9, p. 182]) that necessarily f = 0 and the proof is achieved. 
Theorem 4.1 (Pompeiu theorem). Let R be a given subset of Mc(K) and let Z(F(R)) be the set consisted of all characters χ ∈ K̂
such that F(μ)(χ) = 0 for all μ ∈ R. Then a suﬃcient condition so that f ≡ 0 is the unique function in Cb(K) (resp. Lpα(K); p  1)
satisfying
μ ∗α f = 0, for all μ ∈ R, (25)
is that K̂ ∩ Z(F(R)) = ∅. This condition is also necessary so that so that f ≡ 0 is the unique function in Cb(K) satisfying the
relation (25).
Proof. Let f ∈ Cb(K) (resp. Lpα(K); p  1) such that μ∗α f = 0, for all μ ∈ R. We shall prove that f ≡ 0 which is according
to the above Lemma 4.1 equivalent to show that the kernel J f of the continuous algebra homomorphism
Φ f : L1α(K) → Cb(R)
(
resp. Lpα(K)
)
,
h → Φ f (h) = h ∗α f ,
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μ ∈ R and g ∈ L1α(K)} since for every μ ∈ R and g ∈ L1α(K) we have (μ ∗α g) ∗α f = (μ ∗α f ) ∗α g = 0 by Proposition 4.1.
This shows that J f contains the closure J¯ of the ideal J generated by F . Thus it suﬃces to prove that J = L1α(K). This is
equivalent by the Wiener–Tauberian Theorem 3.2 to verify that K̂ ∩ Z(F( J¯ )) = ∅.
Indeed, let ϕ ∈ K̂ then by Lemma 3.4 together with the hypothesis K̂∩ Z(F(R)) = ∅ there exist respectively μ ∈ R and
g ∈ L1α(K) satisfying F(g)(ϕ) 	= 0 and F(μ)(ϕ) 	= 0 so that F(g)(ϕ)F(μ)(ϕ) 	= 0.
According to the relation F(μ ∗α g)(ϕ) = F(g)(ϕ)F(μ)(ϕ) (see Proposition 4.1) we deduce that for all ϕ ∈ K̂ there
exists h = μ ∗α g ∈ J such that F(h)(ϕ) 	= 0 which proves that K̂ ∩ Z(F( J¯ )) = ∅.
Assume now that there is χ0 ∈ K̂ such that F(μ)(χ0) = 0 for all μ ∈ R. Thus for all μ ∈ R and (x, t) ∈ K we have
μ ∗α χ0(x, t) =
∫
K
T (α)(x,−t)χ0 dμ = χ0(x,−t)
∫
K
χ0 dμ = χ0(x,−t)F(μ)(χ0) = 0. This ﬁnishes the proof since χ0 ∈ Cb(K) and
χ0(0) = 1. 
Corollary 4.1. Let K be a net of compact subsets of K. Then a suﬃcient condition so that f ≡ 0 is the unique function in Cb(K) (resp.
Lpα(K); p  1) satisfying∫
Q
T (α)(y,−s) f (.)dmα(y, s) ≡ 0, for all Q ∈ K, (26)
is that for all ϕ ∈ K̂ there exists Q ∈ K such that ∫Q ϕ(y, s)dmα(y, s) 	= 0. This condition is also necessary so that f ≡ 0 is the unique
function in Cb(K) satisfying the relation (26).
Proof. This follows from the last theorem where R = {1Q dmα; Q ∈ K}. 
4.2. Applications
In all the sequel, r1 and r2 are two positive and different numbers.
Proposition 4.2. A suﬃcient condition so that f ≡ 0 is the unique function in Cb(K) (resp. Lpα(K); p  1) satisfying
T (α)
(ri ,0)
f (.) ≡ 0; i = 1,2 (27)
is that r1r2 /∈ Q ( jα) and ( r1r2 )2 /∈
⋃
m∈N Q (L
(α)
m ). This condition is also necessary so that f ≡ 0 is the unique function in Cb(K) satisfying
the relation (27).
Proof. We have T (α)(ri,0) f (.) = δ(ri ,0) ∗α f ; i = 1,2, where δ(ri ,0) is the Dirac measure on K at the point (ri,0). On the other
hand a simple calculation shows that for all (λ,m) ∈ R × N and ρ  0 we have
F1(δ(ri ,0))(λ,m) = e−
|λ|r2i
2
L(α)m (|λ|r2i )
L(α)m (0)
and F2(δ(ri ,0))(ρ) = jα(ρri); i = 1,2.
We obtain the result by applying Theorem 4.1 to the family R = {δ(r1,0), δ(r2,0)}. 
Remark 4.1. For each r > 0 there exists at least f ∈ Cb(K) not identically null such that T (α)(r,0) f ≡ 0.
Indeed, let ρ > 0 and ϕρ : K → C the multiplicative function on the Laguerre hypergroup deﬁned by ϕρ(x, t) = jα(ρx)
and satisfying T (α)(r,0)ϕρ(x, t) = ϕρ(r,0)ϕρ(x, t) = jα(ρ) jα(ρx), for all (x, t) ∈ K. Thanks to [11, p. 127], [17, p. 193 and p. 126]
the set of zeros of the function jα is countable and is contained in R, so that for each r > 0 there is at least ρ0 > 0 such
that jα(rρ0) = 0 since the function jα is even.
It suﬃces then to choose f = ϕρ0 and the result is proved. 
Proposition 4.3. A suﬃcient condition so that f ≡ 0 is the unique function in Cb(K) (resp. Lpα(K); p  1) satisfying
ri∫
0
T (α)(y,o) f (.)y
2α+1 dy ≡ 0; i = 1,2 (28)
is that r1r2 /∈ Q ( jα+1) and (
r1
r2
)2 /∈⋃m∈N Q (L˜(α)m ), where L˜(α)m (x) = ∫ x0 L(α)m (t)tα dt. This condition is also necessary so that f ≡ 0 is
the unique function in Cb(K) satisfying the relation (28).
242 M.M. Nessibi, B. Selmi / J. Math. Anal. Appl. 351 (2009) 232–243Proof. We have
∫ ri
0 T
(α)
(y,o) f (.)y
2α+1 dy = νri ∗α f ; i = 1,2, where νri is the compactly supported measure on the Laguerre
hypergroup K, deﬁned by < νri ,ϕ >=
∫ ri
0 ϕ(y,0)y
2α+1 dy.
On the other hand a direct calculation shows that for all (λ,m) ∈ R × N and all ρ > 0 we have F1(νri )(λ,m) =
1
2|λ|α+1 L˜
(α)
m (|λ|ri2) and F2(νri )(ρ) = 1ρ2α+2
∫ ρri
0 jα(t)t
2α+1 dt = ri2α+22(α+1) jα+1(ρri), since ddt (t2(α+1) jα+1(t)) = 2(α+1)t2α+1 jα(t)
by virtue of [17, p. 15], [11, p. 100].
We deduce the result by applying Theorem 4.1 to the net R={νr1 , νr2}. 
Remark 4.2. For each r > 0 there is at least f ∈ Cb(K) not identically null and satisfying
∫ r
0 T
(α)
(y,0) f (.)y
2α+1 dy ≡ 0.
Indeed, we have
∫ r
0 T
(α)
(y,0)ϕρ(x, t)y
2α+1 dy = ϕρ(x, t)
∫ r
0 ϕρ(y,0)y
2α+1 dy = jα(ρx) r2α+22(α+1) jα+1(ρr), for all ρ > 0, where
ϕρ(x, t) = jα(ρx). It suﬃces then to take f = ϕρ, ρ being a positive number chosen such that jα+1(ρr) = 0 which is
possible thanks to the precedent remark. 
Remark 4.3. There is at least m ∈ N such that Q (L˜(α)m ) 	= ∅.
Indeed, for each m ∈ N the zeros of the Laguerre polynomial L(α)m are simple and positive by Theorem 6.73 in [17, p. 151].
It follows that for m odd we have L(α)m (x) = (−1)mm! (x− xm1 ) . . . (x− xmm) > 0, for all x ∈ ]0, xm1 [, where xm1 , . . . , xmm are the zeros
of L(α)m ;0< xm1 < · · · < xmm.
On the other hand one has limx→∞ L˜(α)m (x) =
∫∞
0 t
αL(α)m (t)dt = (−1)m 2α+1m! Γ (m+α + 1), which is clearly negative for m
odd. This gives the result. 
Proposition 4.4. A suﬃcient condition so that f ≡ 0 is the unique function in Cb(K) (resp. Lpα(K); p  1) satisfying∫
[0,ri ]×[−r2i ,r2i ]
T (α)(y,−s) f (.)dmα(y, s) ≡ 0; i = 1,2 (29)
is that r1r2 /∈ Q ( jα+1) and (
r1
r2
)2 /∈⋃m∈N Q ( sin xx L˜(α)m ). This condition is also necessary so that f ≡ 0 is the unique function in Cb(K)
satisfying the relation (29).
Proof. For all (λ,m) ∈ R × N and ρ > 0 we have∫
[0,ri ]×[−r2i ,r2i ]
ϕλ,m(y, s)dmα(y, s) = 1
2|λ|α+1
(
sinλr2i
λr2i
)
L˜(α)m
(|λ|r2i ); i = 1,2,
and ∫
[0,ri ]×[−r2i ,r2i ]
ϕρ(y, s)dmα(y, s) = r
2α+2
i
2(α + 1) jα+1(ρri); i = 1,2.
We deduce the result by applying Corollary 4.1 to the net K = {Qr1 ,Qr2 }; Qri = [0, ri] × [−r2i , r2i ]. 
Remark 4.4. Let r,ρ > 0 such that jα+1(ρr) = 0. By a similar reasoning as in Remark 4.2, one can easily see
that the function f = ϕρ satisﬁes the relation
∫
[0,r]×[−r2,r2] T
(α)
(y,−s) f (.)dmα(y, s) ≡ 0, since for all (x, t) ∈ K we have
1
2r2
∫
[0,r]×[−r2,r2] T
(α)
(x,t)ϕρ(y,−s)dmα(y, s) = r
2α+2
2(α+1) jα(ρx) jα+1(ρr).
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